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ABSTRACT: We show that the confinement-deconfinement phase transition of supersym-
metric Yang-Mills theories with 16 supercharges in various dimensions can be realized
through the Hawking-Page phase transition between the near horizon geometries of black
Dp-branes and BPS Dp-branes by removing a small radius region in the geometry in order
to realize a confinement phase, which generalizes Herzog’s discussion for the holographic
hard-wall AdS/QCD model. Removing a small radius region in the gravitational dual
corresponds to introducing an IR cutoff in the dual field theory. We also discuss the
Hawking-Page phase transition between thermal AdSs, AdSy, AdS; spaces and R-charged
AdS black holes coming from the spherical reduction of the decoupling limit of rotating
D3-, M2-, and Mb5- branes in type IIB supergravity and 11 dimensional supergravity in
grand canonical ensembles, where the IR cutoff also plays a crucial role in the existence of
the phase transition.
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1. Introduction

The AdS/CFT correspondence [[Il-H] conjectures that type ILB string theory on AdSs x S°
is dual to N' = 4 SU(N) supersymmetric Yang-Mills (SYM) theory in 341 dimensions.
At low energies, the string theory can be approximated by supergravity on AdSs, while
the SYM theory is a conformal field theory on the boundary of AdSs5. At finite tempera-
ture, Witten related the Hawking-Page phase transition of black holes in AdSs space with
the confinement-deconfinement phase transition of dual SYM [f]. On the gravity side,
there are two classical solutions with the same boundary: the thermal AdS space and the
Schwarzschild-AdS black hole which approaches AdSs5 asymptotically. As noted first by
Hawking and Page [, a first order phase transition occurs at some critical temperature,
above which an AdS black hole forms. On the other hand, at a lower temperature, the
thermal gas in AdSs; dominates. This Hawking-Page phase transition is identified with
the first order confinement-deconfinement phase transition of dual SYM theory: at low



temperature, the field theory is in a confinement phase and above a critical temperature it
is in a deconfinement phase.

In Witten’s example, the boundary on which the finite temperature field theory lives
is a compact space S! x S3. The radius of the 3 dimensional sphere breaks the conformal
symmetry of the field theory, which makes the phase transition possible. For the case
with a non-compact boundary S! x R3, because of the conformal invariance, no Hawking-
Page phase transition exists and on the SYM side only the deconfinement phase is present
even in a finite temperature case [[]—f]. However, the authors of ref. [I(] are able to
realize confinement in certain supersymmetric theories by removing a small radius part of
the AdS geometry when the boundary is noncompact. In the framework of gauge/gravity
correspondence, the radial coordinate on the gravity side corresponds to the energy scale on
the field theory side. Thus the small radius cutoff on the gravity side implies introducing an
IR cutoff in the field theory. The so-called hard wall AdS/QCD model has been extensively
employed in discussing various properties of low energy QCD [[L1—R(].

Then there is one point to remind here that for supersymmetric field theories which
live on a non-compact space, introducing an IR cutoff is an effective way to realize a
confinement-deconfinement phase transition, while for those which live on a flat but at least
one dimension compact space, ie. ST x T or so, there is a kind of AdS soliton [@] which
can be used to realize confinement. Hawking-Page phase transitions can occur between
Ricci flat AdS black holes and AdS solitons both with at least one dimension compact, see,
for example, [22-R4].

AdS/CFT correspondence was first noticed by Maldacena when studying the decou-
pling limit of N coincident D3-branes. In the case of coincident Dp-branes (p # 3), there
are also correspondences of this kind between certain supergravity solutions and SU(N)
supersymmetric field theories with sixteen supercharges in p + 1 dimensions [R§]. In the
decoupling limit, the geometry of supergravity solutions is no longer AdS and in these
cases the field theories are no longer conformal field theories. Although so, as in the case
of D3-branes, the Hawking-Page phase transition does not happen when the boundary is
noncompact, implying these field theories are in the deconfinement phase. In this paper
we will study the confinement-deconfinement phase transition of these field theories by
introducing an IR cutoff in the dual supergravity descriptions, which generalizes Herzog’s
discussion on the deconfinement transition of hard wall AdS/QCD model [[1]]. In the
decoupling limit of rotating black D3-branes, M2-brans, and Mb-branes, there also exist
correspondences between R-charged AdS black holes and R-charged supersymmetric field
theories at finite temperature [2§—BZ]. In this paper, we will also study the confinement-
deconfinement phase transition of these R-charged supersymmetric field theories with an
IR cutoff in the dual description. Recently, the author of [BJ studied the phase transi-
tion of AdS R-charged black holes. However the black holes discussed there are R-charged
AdS black holes with spherical horizons; while we study the R-charged AdS black holes
with Ricci flat horizons, which come from the sphere reduction of the decoupling limit of
rotating black D3-, M2-, Mb5-branes.

The paper is organized as follows. In the next section, as a warmup exercise, we will
briefly review the Hawking-Page phase transition for AdS black holes with the boundary



S1 x R3. Then in section 3, we will study the Hawking-Page phase transition for the
general case of near horizon limit of N coincident black Dp-branes, whose boundaries are
non-compact S! x RP. In section 4, we study the case of the R-charged AdSs, AdS,, and
AdS7 black holes, respectively. Section 5 is devoted to conclusions.

2. Hawking-Page phase transition for Ricci flat black holes with an IR
cutoff

In this section we review the deconfinement transition of hard-wall AdS/QCD through
the Hawking-Page phase transition between thermal AdSs and an AdSs black hole with a
non-compact boundary S! x R3. For more details, see [LT]. In order to study the phase
transition of the boundary CFT using the gravity description, we should first find the
classical solutions of AdS supegravity with the same asymptotic boundary S x R3, and
then compare the Euclidean actions of these classical solutions to see if there is a phase
transition. However, as we know, the actions always diverge due to the infinite space.
There are two ways to get a finite result: one is to add surface counterterms to the action
and the other is the so-called background subtraction method where a suitable reference
background is chosen so that the solution under study can be asymptotically embedded into
this background. Here we use the background subtraction method as it is more suitable to
our purpose to calculate the difference of two Euclidean actions in this paper.

In the Euclidean sector, the action of 5-dimensional gravity with a cosmological con-

stant can be written as 1

_ B) _
I = [ Payg(R—24), (2.1)

where A is the cosmological constant which can be related to the radius scale | of AdS
space by A = —6/12. According to the action (R-T]), there are two solutions with the same
asymptotic boundary S! x R3, i.e. thermal AdS space and the AdS black hole solution (in
Lorentz sector):

U? &
U? U} & U\
dshy = el [— ( - U_Z> dt? + da? + da3 + dxg] + 2 <1 — U_Z> au®, (2.3)

where Uy corresponds to the horizon of the black hole. After a Euclidean continuation
t = 47 the two solutions become

2

2
l
ds 5 = ?—2 (dr? + dai + da3 + da3) + 7z du?, (2.4)
U2 U 12 Ui\ !

dshy = 3 [(1 - U—{{) dr? + da? + da? +d:c§} + 753 < - U—{{) dU?.  (2.5)

To eliminate the conical singularity, the 7 in the AdS black hole solution should get a
period

ml?
= 2.6
s-T (2.6



while the period of 7 for the thermal AdS could be arbitrary. This period (R.§) is just the
inverse of the temperature of the AdS black hole. To see whether there is a phase transition
between the AdS black hole and thermal AdS space, we should calculate the difference of
the Fuclidean actions for these two solutions. The Euclidean actions of the AdS black hole
and the thermal AdS are

8 R
IBH = 7/ d’xU s 2.7
167TGZ5 Ug ( )

8 Voo o 3
IAdS = m/o d iEU 5 (28)

respectively. Here to get the actions of both solutions, we have introduced a finite UV
boundary at U = U,,. At the end of calculations, the limit U,, — oo will be taken. At
the boundary, the temperatures for both solutions should be the same. This means that
we have the following relation for the two temperatures

Uiy
Bads = By[1— e (2.9)
uv
It turns out that the difference of the two actions is
. V(Z)ULP
Al = 1 Ipg —1 =——" 3 0 2.10
pim_ (Usn = Iaas) 167G~ (2.10)

where V(Z) denotes the volume of the three flat dimensions x1, zo and x3. This negative
action difference means that the black hole always dominates and confirms that the dual
field theory is in the deconfinement phase. Now we introduce an IR cutoff Urgr in the
coordinates (P.9), where the IR cutoff Usg is equivalent to an IR cutoff (mass gap) in the
dual field theory, then the integral in the action of thermal AdS should start from U;r and
the integral of the black hole geometry should start from Upax =max[Urg, Ug] [, .
Now the Euclidean actions of the two solutions are

V@B 14 4
Ipg = — 2.11
BH 167TGZ5 (UU’U Umax) Y ( )
" @5
V(Z)Baas 4 4
Ipngs = ———— — 2.12
AdS 167GI5 (qu UIR) ) ( )
respectively. Thus one has the action difference
: V(@)B (1. 4 4 4
Al= 1 = Uy — . 2.1
Uioooo  167GI5 <2UH Umax + Ut (2.13)

The action difference obviously depends on the IR cutoff and Uy,,x. When the temperature
is very low, Up is small compared to Uyg, one then has Up,,x = Urg, and

_ V@B 1,
167GI52 1

> 0. (2.14)



On the other hand, when the temperature gets higher, Uy will become larger than Uyp,
one takes Upnax = Upg, and has

V()8 1

Eq. (B-14) tells us that in the low temperature phase, where Urg > Up, the thermal gas in
AdS dominates and there is no Hawking-Page transition; and it implies that the dual field
theory is in the confinement phase. However, when Urr < Uy, the action difference (R.19)

can change its sign from positive to negative at a critical temperature where U?R = %Uﬁl.
The critical temperature is
ml?
ﬁcrit = 1 . (216)
21UrR

The Hawking-Page transition indicates that when T' > 1/, the AdS black hole domi-
nates, while the thermal AdS space dominates when 7' < 1/f8¢t. In the dual field theory
side, the field theory is in the deconfinement phase at T' > 1/, while it is in the con-
finement phase at T' < 1/8it. When the temperature T' crosses the critical temperature
1/Berit, the deconfinement phase transition happens. The IR cutoff U;r can be related
to the mass of the lightest meson in the holographic AdS/QCD model [[I]]. As a result,
we see that an IR cutoff can realize the Hawking-Page transition for Ricci flat AdS black
holes when the boundary is non-compact. It is easy to understand the occurrence of the
transition because an IR cutoff breaks the conformal symmetry for the dual field theory.
Finally, we mention here that usually the Gibbons-Hawking surface term should be in-
cluded in calculating the Euclidean action of black holes. However, for asymptotically AdS
spacetimes it turns out that the surface term will not make a contribution to the action
difference [ff], which will be clearly seen in the next section.

3. Hawking-Page phase transition in black Dp-branes with IR cutoff

Like the D3-branes, the decoupling limit of Dp-branes in type II supergravity has also field
theory description; they are supersymmetric Yang-Mills theories with 16 supercharges in
p + 1 dimensions [25]. In this section, we will generalize the discussions in section 2 to
the cases of those finite temperature non-conformal field theories defined on the boundary
S1 x RP by studying the decoupling limit of Dp-branes. Generally to get a well-defined
decoupling limit, p should be limited the range 0 < p < 4.

To see whether there will be a phase transition for dual field theories at finite tem-
perature, we will first get the two classical Euclidean solutions with the same asymptotic
boundary S x RP, and then compare the Euclidean actions of the two solutions in both
cases with and without an IR cutoff. The two classical solutions can be obtained by taking
the decoupling limits of black Dp-branes and BPS Dp-branes.

3.1 The decoupling limit of black Dp-branes

Black Dp-branes are non-BPS solutions of ten dimensional Type II supergravities. The



bulk action of the supergravity is

_ 1 10 /| ,—2¢ 2\ L 2
Sstr = 167G 10 /d e [e (Fe-+4(09)°) 2l (3:1)
in string frame, and
Skin = ! /dlo V=9 |R l(agzs)? 767(1@%2 (3.2)
B T 6w Gho g 2 2d! ¢ '

in Einstein frame, where d = p 4+ 2 in the case of the electric brane and d = 8 — p of the

magnetic brane. «(d) depends on the value of d: a(d) = d;25. Since Fg_, and Fj,;2 both do

not change under the frame transformation while the metric changes, the duality relation
changes from Fg_, = *F}, 19 in string frame to Fz_, = e~ r+2)d 4 F,2 in Einstein frame.

The solution for N coincident black Dp-branes is

ds? = H 2 (r) <— Frydt? +3 (dwi)2> +HE(r) (fHr)dr? +r2d92_,),  (3.3)
=1

e? =g,H 1, (3.4)
Aoy = g5 " (1- H_l) coth .

in string frame, where

CpgsNaﬂ_Tp leip 12 T;;p

G = (VP T 50-1)]. (3.7)

7,2 -\ 2 T;{_p
=tanh 3 =.,|1+ , 3.8
¢ b 27";_” 2r;_p (3:8)
T;;p
fr) =11 (39

To get BPS Dp-branes, one can simply set 7 = 0 and then f = 1.
We can get the decoupling limit of this solution keeping the energies fixed by changing
the parameters to [2]

Ngiy = N(2n)P2g,a/T = fixed, (3.10)
T
U= i fixed, (3.11)

and setting



In this decoupling limit, the solution in Einstein frame becomes

(7—p)? 7_
- U U, ?
ds%in = a,% —87_17 — 1— 17{_ dt2 + di’Q
(BmdpN) s v

+1
IDC—p) o+ U dg | ¢, (3.13)
8 _ m
-3 (g% dpN
=T <9YUM7]; ) : (3.14)
p1 (p — 7)(2m)P2U6P
For.p = ol ' (3.15)
P deggl(M

This solution is just the gravitational dual of SYM theory with 16 supercharges in p 4+ 1
dimensions. When p = 3, the solution turns out to be AdSs x S°, the dual theory is the
N = 4 SYM theory with 32 charges. In that case, the theory is a conformal one. This
case is just discussed in the previous section. Now we study the general cases without the
conformal symmetry.

The Euclidean sector of the above solution can be obtained by setting ¢ = it

(-p? 7—
_ U U-—p
dsiye = a’%{—( ) 8 = [(1 - U?_p> dr® + dz*
gymdpN) 5

+1
o) [ ar
PN o T U dQg_, | ¢- (3.16)
8 _ m
The Euclidean time 7 has a period
podm | dmenn/BN .

5—p
\ Ougr-Ou gy vev, T PUY

in order to remove the conical singularity. This is nothing but the inverse Hawking tem-
perature of the black Dp-branes in the decoupling limit.

3.2 Phase transition with an IR cutoff

To see whether there is a phase transition between the decoupling limits of black Dp-
branes and BPS Dp-branes, or say, deconfinement transition of those SYM theories at finite
temperature, we first calculate the on-shell action of those black Dp-branes. To avoid the
complex surface term in the action for Dp-branes with electric charge, we consider black
Dp-branes with magnetic charge. The on-shell Euclidean action can be written out using
the equation of motion

—a(8—p)¢ F827p

7— 2 e
7= p Js lex\/g

4 167Gyo 28 =p)! (3.18)



Note the relation
e*a(SprFg{p efa(p+2)¢F5+2

— , 3.19
2(8 = p)! 2(p + 2)! ( )
and one has then the Euclidean action
—n)3 Q
Touk = o T V@V(Qs-,)5 USrdU, (3.20)

8 167TG10

where V(&) is the volume of the p spatial dimensions and V' (€g_,) is the volume of unit
8 — p sphere. The factor of /7P can be absorbed into the redefinition of the Newton
constant G = 875¢g2a/* = /7 P878¢d, 1/ (2m)2P~* = &/TPGY, in the decoupling limit.

We first calculate the difference of the bulk actions of the decoupling limits of the black
Dp-branes and BPS Dp-branes. To regularize the actions, we introduce a UV boundary
Uy for both solutions, where the local temperatures are the same for both solutions. Here
we use I as the Euclidean action of the decoupling limit of the black Dp-branes and I,
as the FEuclidean action of the decoupling limit of the BPS Dp-branes. Thus we have

(T=pP V@V Qs )8 [T 4
I o U°~PdU, (3.21)
bulk = 778 167G, Usy
and
(7T =) V(B)V(Qs_p)5 Uuo
e = 2 e K US—rdu, (3.22)
10 0
where
, Ui’
3 =3 1 (3.23)
The difference of these two actions is
Al = Uhriloo(lbl — Ipga)
(TP VeV ()8 | e Ui " -
= 1 Pl1—y/1— _yl
Vinoo 8 orcr, |V 7 | ~Un
T—p)2V,V(Q )3 ( 1 _
_ < ) p167rG'1§ -5 UlP <. (3.24)

Besides the bulk part, we should also consider the contribution of the Gibbons-Hawking
surface term

1
Iog = — d°zvVhK 3.25
o8 = —grg /W VK, (3.25)

where h is the determinant of the reduced metric on the UV boundary OM and K is the
extrinsic curvature of the reduced metric

K = 7,m". (3.26)



The surface terms for both solutions are

po— V@V©s,)8 [( ><p+1>)U7_,,

16wGY, 8 w
- <9 —p— U”l#) Ui, (3.27)
e b _ V@V ,)0 (=D + 1) -
Ity = — 167G [(16 —2p— T) Uuo p} , (3.28)
respectively. Then the difference of the two surface terms is
S 2
Algp = V(xi(‘;(gf;p)ﬁ (p - 3) ofd (3.29)

When p = 3, this term vanishes. This confirms that for AdS black holes, the Gibbons-
Hawking surface term has no contribution to the Euclidean action difference stated in the
previous section. Finally we get the total Euclidean action difference for those two solutions

V(E)V ()8 (5—=D\ ;17—
Al = ALy, Algg = — P U, P, 3.30
bulk + AlGB 167G, 5 H ( )

Here we should note that we choose the total action to be the sum of the bulk term
and the Gibbons-Hawking boundary term. There are no other surface counterterms like
boundary cosmological counterterms used in [B4] needed here because we are using the
background subtraction method. And the result we get here is the same as in [B4] where
they also calculated the Euclidean action of the near horizon geometry of black Dp-branes
(compactified on transverse spheres) but using the counterterm approach.

Then from the equation above we can see that this action difference is always negative
and hence no Hawking-Page phase transition happens. This means that the near horizon
geometries of black Dp-branes dominate all the times, and the dual field theories are always
in the deconfinement phase. Now as in the hard-wall AdS/QCD model, we introduce an IR
cutoff to realize a confinement phase. Correspondingly, we introduce an IR cutoff Urp in
the dual gravitational description by removing the part with U < Urg of geometry. With
the IR cutoff, the integral in the action starts from Ujgr in the case of the near horizon
limit of Dp-branes and Uy,ax =max[Urg, U] in the case of the near horizon limit of black
Dp-branes. In this case, the difference of the actions becomes

- bl b
Al = lim Ty — Tou)
Uypy—00

_ (= p?V@V(@s)B (17
8 167G, 2

~ Uit + ULJ’) , (3:31)
while the part from the Gibbons-Hawking surface term keeps unchanged, still has the
form (B-29). Thus, we have

Al = Alyax + Algp

V@V B (P 1029 o, (T
16wGY,

e (U UZRP>>- (3:2)



When Uy < Urg, one has Uyax = Urg, and

V@V Q)8 [(#2-10p+20Y oy
A== ar 5 UlP| > 0. (3.33)

On the other hand, when Uy > Uyg, we have Upyax = Uy, and

A= VOV )i (5o

= (T—D)? 1., 4
e SLu S EuTr) (3.34)

We see that the action can change its sign and the Hawking-Page phase transition happens

_ )2 T . o .
when U;I P = 4(125 L 2)) U;Rp . The corresponding critical temperature is

Amgym/dp N
Berit = — (3.35)
7— T— 2
(7-p) (4(1(51);))) UIRp)

Because the temperature of the black Dp-branes is proportional to U 1(15 —P)/2 (see (B.17)),
it is easy to see that at low temperature less than 1/8it, the decoupling limit of Dp-
branes with IR cutoff dominates, which corresponds to the confinement phase of dual SYM
theories; and at high temperature above the critical temperature, the decoupling limit of
black Dp-branes dominates, which corresponds to the deconfinement phase of the dual
SYM theories. In addition, we mention again that here p is in the range 0 < p < 4.

Thus we have shown that as in the case of the hard-wall AdS/QCD model, one also can
realize the deconfinement transition for p + 1 dimensional SYM theories residing on non-
compact manifold S* x RP through the first order Hawking-Page phase transition between
the decoupling limits of black Dp-branes and BPS Dp-branes by introducing an IR cutoff.

4. Hawking-page phase transition of R-charged AdS;, AdSs, and AdS;
black holes with an IR cutoff

The decoupling limit of the solution of N coincident rotating black D3-branes of the ten
dimensional type IIB supergravity action can be reduced to 5 dimensions through S°
dimensional reduction, resulting in a 5 dimensional charged AdS black hole [P9-BJ]. Ac-
cording to AdS/CFT correspondence, these charged AdS black holes in five dimensions
are dual to R-charged SYM theory living on the boundary. Also the decoupling limits
of the solutions of N coincident rotating black M2 and Mb5-branes of the 11 dimensional
supergravity can be reduced to charged AdS; and AdS; black holes through S” and S*
reductions respectively RY]. These R-charged AdS black holes are black holes with Ricci
flat horizon. In this section we discuss the Hawking-Page phase transitions of those Ricci
flat AdS black holes in grand canonical ensembles. Note that the Hawking-Page phase
transition in those R-charged AdS black holes with spherical horizon has been discussed

in [B1], B3], while it has been studied for the case with hyperbolic horizon in [BF].

,10,



4.1 R-charged AdSs black holes

In the case of rotating D3-branes, there are six spatial dimensions transverse to the branes,
so there can be at most 3 angular momenta. Thus after dimensional reduction on S°,
there can be three charges, parameterized by ¢, g2 and q3 respectively. The action after
spherical reduction becomes R

1 5. /T Ll 1 2,2, 4 -1
I= 167TG5/d TV 9<R 2(680) 4;)@(3) +l2;Xi )a (4.1)

where

>
I
(]
|
N=
A1

(4.2)

with dilation vectors

() ae (5 wo(h)

This is just the action of a U(1)? truncation of the N' = 8, SO(6) gauged supergravity. The
solution after reduction is a black hole solution of this action with three charges under the
U(1)? and two scalar fields. This solution is

ds? = — (HyHaHs) ™3 fdi® + (HiHaMs)s (F70dr? + r2(da? + dad + dad)) | (4.4)

) 1-— Hifl
X; = Hifl(H1H2H3)%, A = %, (4.5)
where
2 >
f= l—QHngHg—%, Hi:lJrz_Z?’ i=1,2,3 (4.6)

and p is the mass parameter of the AdS black hole.
The black hole has the Hawking temperature 1/4,

4
B = ( — ) , (4.7)
(HiHoH3)" 20, f ] |,—,,
where 7y corresponds to the black hole horizon, i.e., the largest real root of f(r) =0,
MZQ = 7“61')-[1 (ro)Ha(ro)Hs(ro)- (4.8)

And the Euclidean action becomes

1 5 _ 1 N2 1 2 \2 é -1

Ip=—

— 11 —



4.1.1 Euclidean action for AdS5; R-charged black holes

Before discussing the phase transition, we should state that we work in the grand canonical
ensemble where the chemical potentials of the ensemble are fixed to certain values. The
choice of ensemble is crucial because in grand canonical ensembles the Euclidean action can
be just identified with the Gibbs free energy, while for canonical ensembles the Helmholtz
free energy should be given by the Legendre transform of the Euclidean action. Thus here
we just need to calculate the difference of Euclidean actions as before. Now the background
we choose is still the pure thermal AdSs space with zero valued charges but constant and
maybe nonzero chemical potentials. Then to discuss the Hawking-Page phase transition
associated with the AdSs R-charged black holes, we first calculate the on-shell action by
using the Einstein equation. The Euclidean action for this solution is
= 2.2
o= s f e (00 2 ) - St ) o
We will study the phase transition in the grand canonical ensemble, where the electric
potentials are fixed. We can choose a certain gauge here to make

A = V) + ;=0 (4.11)
di
at the horizon r = r3. The gauge invariant chemical potential between the black hole
horizon and infinity is ®;, since only this quantity enters into the action and other physical
quantities.

To calculate the Euclidean action difference, we have to select an appropriate back-
ground. For the case of R-charged black holes, it is natural to select the pure AdS space-
time with constant chemical potentials ®;, since this background is still the solution of
equations of motion. Next we have to fix the period of Fuclidean time of the pure AdS
space-time. This can be done by equating the induced metric of the pure AdS space-time
on the hypersurface r = constant with the one of black hole [Bg]. This means we have

/ drd®zvVh = / dr'dzvVI!, (4.12)

where h and I/ are the determinants of the induced metrics of black hole and the pure AdS

space-time. Thus we find
g = gL Lovh (4.13)
f d3z/h’ .
where the integration is taken on the r = r,, hypersurface (an UV boundary). For the
3-charged black hole, we have

12(Hy HoHs) 3
ﬁ’zﬁ\/—( — LA I (4.14)
For convenience we write
2 2 2
N q7 q5 a3\ A B C
H1H2H3_<1+T_2><1+T_2><1+T_2>_1+ﬁ+ﬁ+7“_67 (4.15)
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with A, B, C defined as follows
A= +G+6G, B=gd+daG+ 643, C=aaGa. (4.16)

Let us first consider the case without an IR cutoff. In this case, the Euclidean action
of the black hole solution is

2V (3)3 24 il PR
bl __ 4 4 2 2 3 3
Ibulk - 167TG5Z2 (Tuv - 7nO) + 3 (Tuv - 7nO) + 3 EZ quw + qu - 7“8 + qu ) (417)
while for the pure AdS background, we have
2V(&)B 4
e = : 4.1
bulk = 552 (Tav) (4.18)

Here we should note that just as stated in the beginning of this subsection, we are working
in grand canonical ensemble and the background thermal AdS5 spacetime has nonzero
constant chemical potentials as in reference [BZ], so the Euclidean action which only involves
the gauge field strength but not the gauge potential is unaffected by the nonzero fixed
potentials.

The action difference is

V(D) c 1
Al = 167G (—ré — Ard — 7 - §(2/12 - 15B)> : (4.19)

The contribution of the Gibbons-Hawking surface term for the black hole solution is

1
. = — / drd®zvVhK
GH 87‘(‘G5 out T 1’\/—

V(f)ﬂ 4 8 2 4 2 1
= 4 ~A “B-2 — ). 4.2
3G ( Faw + 5470+ { 3 ul?) +0 -~ (4.20)

For the pure AdS background it is

—

1 V(Z)p
S — 3 K = 4t Y 4.21
GH 87 G5 /BM drd’av'h 87 G5l2 ( Tuv) ( )

As a result, the part of action difference from the Gibbons-Hawking surface term is

Algy = ;2?2 [%(AQ - 33)] : (4.22)

Thus we get the total action difference between the black hole and pure AdS space

V(Z)p <

Al Algy = ———
bulk + AlgH 167G12

2
—ul® = S (g + a2 + g5 — aia} — a3al — qu§)> . (423)
The appearance of the non-linear terms of charges in this formula is due to the asymptotical
behavior of the scalar fields. When p = 0, those terms do not vanish. This is not a

reasonable result. As argued in ref. [if], we should add a counterterm i degx\/ﬁq_SQ to the
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action, which just cancels the part —%(q‘f +q5 + q§ — ¢33 — q%qg — q%qg). Finally we arrive
at

_ V@p

Thus we find that this action difference is always negative, which means that no Hawking-
Page transition happens between the AdS5 black hole and the thermal AdSs space-time
here, and the dual R-charge field theories are always in the deconﬁnement phase.

It should be noted here, the counterterm [ drd3zvVhé qS in the gauged supergravity
is just a special form of counterterms to eliminate the non-linear terms of charges and
divergent terms. There are general counterterms for general gauged supergravity theories,
which have been discussed in [[7]]. For this 5-dimensional R-charged Ricci flat AdS black
hole, one can find this counterterm

/ drd>zvVR(W (¢) — 3/1),

where W (¢) is superpotential, and we have subtracted the contribution of the gravity
counterterm [ drd®z+/h3/l. After substituting the explicit form of W (¢) given in [i7],
one finds the non-linear charge term is precisely cancelled. This counterterm is equivalent
to the counterterm [ de?’x\/E(ﬁ?. In fact, for some ¢y we have W (¢pg) = 3/l, so expand
W (¢) — 3/l around ¢, and one can get expression like [ degx\/Eq_Q. We will give more
detail discussion for this counterterm in the next section.

Now we turn to the case with an IR cutoff r;g. As in the case of Schwarzschild-AdS
black holes, we introduce rmnax = max|rg, 77g|. The integral of the background starts from
rrr to 1y, and the integral of the black hole starts from ry.x to 74,. We obtain the total
action difference after adding the counterterm

V(@)B 2 2 plPq;
Al = ———— | pl*+2 -2 - —A - =B — . 4.2
167TG512 < + TIR 7nmax Tmax Z 3 7"2 + qz ( 5)

max

When rg < rrr, one has rma.x = 7rr, and

V@B [ 0 4,
AT = —20 (24 B . 4.26
167Gs2 (“ g IR Z rIR 2+ (4.26)

On the other hand, when rg > ryg, one obtains ry.x = 19, and

_ V@B 54 2
Al = ToenE (2r7p — pl?). (4.27)

When rr = 0, the action difference reduces to the one ([.24) without the IR cutoff.

4.1.2 Phase transition with an IR cutoff

Here we will discuss the thermodynamics in grand canonical ensemble, where the chemical
potentials and temperature are fixed parameters. The IR cutoff r;r for this ensemble is a
fixed but arbitrary constant. Since when rq is large enough pl? becomes very large and the
action difference (J£.27) becomes a large negative quantity, the de-confinement phase always
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exists. Then as long as the confinement phase exists, a phase transition will happen. That
means to realize a phase transition we only have to ensure a positive action difference in
a certain region of the phase diagram. Here we give a careful analysis to see whether the
IR cutoff really helps the phase transition, and if it does, what values should the IR cutoff
takes.

Given some fixed ¢;’s, there always exists a value of rg which is denoted by 7o.(g;)
such that 27"3 > pl? if rg > roc(q;). This ro.(g;) always exists because ul? approaches
ré when rg is large enough. Thus we can always find an IR cutoff r;r > 79.(¢g;) which
satisfies QT}lR — ul? > 0 when 79 > rrg. This means that confinement phase always exists
in the (79, ¢;)-space after giving an appropriate IR cutoff, and this appropriate IR cutoff
can always be found.

But we are more interested in whether a confinement phase exists in the (7, ®;) phase
diagram, since the ensemble we are considering is the grand canonical one. Note that ®;’s
depend on ¢;’s and rg,

(@)2 x qg(r(Z] + Q%)(T(Q] + q%)(T(Z] + qg)
i 20,2 1 2\2 :
ro(ro + ¢;)

To keep ®;’s unchanged, the charge parameters ¢;’s have to change simultaneously when
ro changes. As rg — 00, ¢;’s change slowly and tend to fixed values ¢; = const. x ®;. In
other words, fixed chemical potentials are equivalent to fixed charge parameters when rg
approaches infinity. However, generally ¢;’s have an evaluated region, which is denoted
by Q, when ry changes. This means a fixed chemical potential ®; corresponds to a set of
g;’s. Certainly any meaningful charge parameter ¢; can not be infinity, so Q is a bounded
region. Now take 7o, to be max[ro.(¢i),¢i € Q]. Then from the discussion in the previous
paragraph, we can always find an IR cutoff ro. < r7r < 79 such that 27“?l R ul? > 0. Thus
for any fixed chemical potentials, the confinement phase always exists. Then we can get to
a conclusion that the introduction of an IR cutoff can realize a positive action difference
for a system with any values of chemical potentials if the value of the IR cutoff is chosen
properly.

Thus we conclude that if the IR cutoff is chosen properly, we can get a positive action
difference for the case rg > rip () and then to realize a confinement phase. Then we
can say: by introducing the IR cutoff, the action difference (.27) can change its sign, and
then the Hawking-Page transition can occur. It implies that the confinement-deconfinement
transition can happen for the dual field theory. This means that as the case without charges,
the IR cutoff leads to the existence of the confinement phase. When temperature is high
enough, the deconfinement transitions happens. In this case, the critical temperature of

transition for the deconfinement transition is
o L _ rirte+ 28 — 2(6163 + aia + d3a3)ri — dai3ad
c — - .
p Ar?r3\/ (g + ) (3 + 3) (riE + ¢3)

From this critical temperature we find that ¢y has a minimum to assure a positive temper-

(4.28)

ature, but this does not matter the discussion above.
Since the analytic analysis is not easy to make, in what follows, we move on to show
some phase diagrams in several cases. We should plot the phase diagrams with chemical
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Figure 1: ry — ¢ phase diagram of 5-

dimensional R-charged black holes with ¢; =
9,92 = g3 = 0.
spond to the phase transition curves, and
each curve has a fixed IR cutoff r;g. With
the colors changing from black to red, the

The solid curves corre-

values of r;g increase from 0.2 to 1.0 with
a step 0.2. The dashed curves stand for
ro = 0.2, 0.4, 0.6, 0.8, 1.0, respectively. The
straight blue curve describes the requirement

0.8
0.6
£0.4
0.2 \
o)
0 0.1 0.2 0.3 0.4
T
Figure 2: T — ¢ phase diagram of 5-

dimensional R-charged black hole with ¢; =
4,92 = g3 = 0. The green curves correspond
to the requirement r;r < rg, here only the
stable part is shown. The solid curves cor-
respond to the phase transition curves, and
each curve has a fixed IR cutoff r;g. With
the colors changing from black to red, the
values of r;r increase from 0.2 to 1.0 with a
step 0.2.

of ro > 7R, and the straight red curve di-
vides the diagram into two parts by local sta-
bility of thermodynamics, below which the
thermodynamics is local stable.

potentials and temperatures as variables and plot out the curve where the phase transition
happens. Besides, we also plot out the phase diagrams in terms of charge parameters ¢ and
horizon radius ro. These two kinds of diagrams are equivalent after using the transformation
relations.

Figure 1, 3 and 5 are ry — ¢ phase diagrams of the case ¢t = ¢ # 0, ¢2 = g3 = 0,
@1 =q=q#0, g3 =0and ¢t = qo = q3 = q # 0, respectively. In these figures, the
solid curves correspond to the phase transition curves, across which the action difference
changes its sign, and each curve has a fixed IR cutoff r;p. With the colors changing from
black to red, the values of r;r increase from 0.2 to 1.0 with a step 0.2. The dashed curves
stand for rg = 0.2, 0.4, 0.6, 0.8, 1.0. This means that these straight blue curves describe
the requirement of rg > r7r. Thus, in fact, only the regions below these blue curves are
meaningful for our discussion. From the ry — ¢ diagrams, one can read out the value of the
IR cutoff by the intersecting points of the blue curves and the transition curves.

Figure 2, 4 and 6 are T — ® diagrams for the case &1 = ¢, &3 = ¢35 = 0, ¢; =
by = ¢, P3 =0, and &1 = P9 = P35 = ¢, respectively. In these figures, the green curves
correspond to the requirement ryp < rg. With the color changing from black to red, the
values of rrp increase from 0.2 to 1.0 with a step 0.2. In the paper [[[§, the charged RN
black holes discussed there are just R-charged AdS black holes with equal R charges. Here
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Figure 3: ry — ¢ phase diagram of 5- Figure 4: T — ¢ phase diagram of 5-

dimensional R-charged black hole with ¢; = dimensional R-charged black hole with ¢; =
92 =¢,93 =0. 92 =¢,q3 = 0.

each T — ¢ phase diagram is plotted with 5 different values of r;r to show its influence.
The colors of the curves represent the values of r;g, the darker, the smaller.

In the 7o — g diagrams we also plot the boundary for local thermodynamic stability [Bd,
B1]. The straight red curves with ¢ = v/2rq, ¢ = 79 and ¢ = r( in these rq — ¢ diagrams
correspond to the local thermodynamic stability curves. The local stability curves are
determined by the Hessian of the Euclidean action

I=p(E—2,Q;) -9, (4.29)

with respect to ry and charge parameters ¢;’s keeping 8 and ®;’s fixed, where E is the
mass, ();’s are physical charges and S is the entropy of the R-charged black holes. These
thermodynamic quantities can be got from the general thermodynamic relations

oI o; (0l (oI 101
Ez(%){ﬁ(a«m)ﬁ’ S“(%Li‘f’ Qi = ﬂ<a@i>g' (430

In this case, the energy will have a constant correction due to the IR cutoff, while the

entropy and physical charges do not change,

V@) . .
FE=—7_ 92
TorGy2 M+ 21R);
V(Z)
5= 50 Jud v i+ @0+ ),
_ V(@) g 2 N 2 o o 5
@i = 87 G %\/(TO +a1)(rg +a2)(rg + 43)- (4.31)

The similar form of these quantities can be found in [BI], 4. The local stability curves are
represented by the red straight curves under which the thermodynamics is locally stable. In
addition, let us mention that in the ¢ — r¢ phase diagrams, only the regions under the blue
curves are physically allowed when the IR cutoff is introduced, since we are considering the
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Figure 5: ¢ — ry phase diagram for the 5- Figure 6: ® — T phase diagram for the 5-
dimensional R-charged black hole with ¢; = dimensional R-charged black hole with ¢; =

42 =43 = (. 42 =43 = (.

case with rg > r7r. As a result, we can see from these diagrams that the deconfinement
phase transition always exists and the IR cutoff will not affect the local thermodynamical
stability of the field theories. In the T'— ¢ phase diagrams we only plot out the regions,
corresponding to the ones under the blue curves of the ry — ¢ diagrams.

4.2 R-charged AdS; black holes

For rotating M2-branes in 11 dimensional supergravity, there are 8 transverse spatial di-
mensions. Thus there can be at most 4 angular momenta. After dimensional reduction,
there will be at most 4 charges parameterized by ¢;,7 = 1, 2, 3, 4.

The decoupling limit of the rotating black M2-brane after reduction is four dimensional

AdS black hole, which can be written as [J]

ds® = —(HiHoHsHa) "2 fdt® + (HiHoHsHa) Y2 (f 7 dr? + rP(da? + da3))  (4.32)

where
4r? inh* §;
=B T, =1+ M , (4.33)
X — 'H-_l(H{Hg'H 'H4)1/4 Al = 1_77_[2_1 (4.34)
T 3 ’ E7 sinh g; '

Define g7 = psinh? 3;, then we have

2 A 1—H1
Ho=14 5, AQ:\/E(THZ). (4.35)

The effective action in 4 dimensions is

_ V- Loz d v 1 —2/ 77082

1<J
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The relation between scalars X; and @ = (¢1, @2, p3) is given by
X; = e 2% (4.37)
where the vectors d; are given by
a=(1,1,1), a=01,-1,-1), as=(-1,1,-1), as=(-1,-1,1). (4.38)

4.2.1 Euclidian action of AdS; R-charged black holes

Here and in the next section we also work in the grand canonical ensemble where the
chemical potentials are fixed at the boundary as in the case of AdSs R-charged black holes,
and the reference background is also pure thermal AdS, spacetime with zero valued charges
but maybe nonzero electric potentials. Then we come to the calculation of the difference
of Euclidean actions of the two solutions.

Substituting the black hole solution into the action, we get the on-shell Euclidean
action

_ V@ [ B~ 4 462 o p A
= Torc TT—EZ%2)2+Z—2(6T+3 r+B) |. (4.39)

Here we have introduced the following quantities
A= Z ¢, B=Y dq¢, C=> ¢gaq, D=dqapad. (4.40)
1<j i<j<k

We first consider the case without an IR cutoff. In this case, the bulk action for the black
hole is

V(Z)B | q? ¢ 8
I = i S/,3 _ .3
bulk — 167 G4 2 ZZ:; Tuw + ql TO + q22 + l2 (ruv TO)
6 4
+l_2A(Tl2Lv - TS) + l_QB(ruv - TO)] 5 (4.41)

and for the pure AdSy, the bulk action is

ba V(f)ﬂ/

Ibulk - 7(8Tuv)7 (442)
167Gy

which is also unaffected by the values of electric potentials by the same reason argued in
the case of AdSs R-charged black holes. The contributions from the Gibbons-Hawking

surface term are

V(%) 312
2, = — 12r3 +9A Bry, — 4.4
GH 87TG4Z2 < +9 Tuv+6 Ty + 3C 9 ,U—|— ; ( 3)
and
T /dezx\/EK __V@s (12r,) (4.44)
GH = " 3rG, 8mGyl2 ’ '
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respectively, for the black hole solution and pure AdS space, where from the equation (4.13),
we have the relation between the two temperatures

3 =3 \/(H1H2H3H4)2f12 (4.45)

472 ’
Tuv

where (3 is the inverse Hawking temperature of the black hole. Because there is something

subtle in this case, we write out the relation between 3 and 8 explicitly as follows,

3 3 ul?
Brg,v - B/Tgv = ﬂ <_ZA7'12“) + 3—2(A2 — 8B)Tuv + ? + Sl(Qla q2, 43, C_I4)> ’ (446)

where there is a non-linear charge term which can be written as

s1(q1,42, 43, q1) = —= [-5(af + ¢S + 4§ + a5) + (41 a5 + qid3 + qidi

128
+0307 + 4503 + 4241 + GG + BB + GG+ Ga
+aias + qia3) — SAG 303 + RBG + Ga3aE + 3a3ar)]. (4.47)
Then we find
4
; V(@)B M 4 1 2
Al = 1 — = L - —(3A° -8B
oat = e | T2\ ) 2 )rue
S1 C 7“8 Ar% Brg
_16l_2 _6l_2+ _81_2 - l—2_ l—2 A . (4.48)
Note that rq is the horizon of the black hole, satisfying
" 47“3
—% + l—2H1(7“0)7‘[2(7“0)7’(3(7“0)7’(4(7“0) =0, (4.49)
we arrive at
AItOtal = Tulvlgoo 167TG4 — — ﬁ(i‘;A — 8B)7"uv — 16[-2 — 4l_2 (450)

One can see that as 74, — 00, the action diverges, unless the four charges are equal or
at least equal two by two. This problem is common in theories with scalar fields. The
divergence is due to the asymptotical behavior of these scalar fields. The similar problem
arises in the so called “boundary counterterm” method [B7q—[], ). In these references,
one can remove the divergence by adding a counterterm 7, into the action,

I=1vaux + Iocg + Igt . (451)

These counterterms are constructed by boundary curvature,

I = 1 /dd_lx\/ﬁ

T 8rGy

l
(@=2)/1+ 55 R

l3
Td—32(d—5)

d—1
ab R » ]
<R Rab 4(d—2)R > +

. (4.52)
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where R, R4 are Ricci scalar and Ricci tensor of the boundary. Thus one can call them
gravity counterterms, and denote the sum by an index g. However, for theories with
scalar fields, the divergence can not be eliminated even after one has added the gravity
counterterm. To eliminate the divergence, generalized counterterms for the theories with
scalars should be added as follows.

I d—1
ct 87‘(‘Gd/d 1’\/—

l
W) +55—5%

3 —1
: (R“bRab o d-1 2)R2> +

T d—32(d =5 2=  (453)

where W (¢) is the superpotential and R, R, are the Ricci scalar and Ricci tensor of the
boundary.

This kind of counterterm was first derived in [{J] for the domain wall solution in
five dimensional supergravity, and the subsequent [£J for a more complete derivation.
Here, the superpotential counterterm is by no means the only one needed. In general one
also needs counterterms involving derivatives of scalars. By using Hamiltonian /Hamilton-
Jacobi methods, the general analysis for gravity coupled to scalars with the complete set
of counterterms has been given [i4]. And more information about the counterterm of the
system with scalar fields coupling to gravity can be found in [4q, i4, (5, §7).!

Here, since we are interested in the cases of Ricci flat black holes, this boundary
counterterm is fully determined by the superpotential

Iy = 8de A LaVhW (), (4.54)

for any dimension. Certainly, with this counterterm, one can give appropriate Euclidean
action for the black holes without considering the procedure of selecting a proper back-
ground. However, here since we are discussing the possible Hawking-Page phase transitions
between the black hole and the background spacetime, it is more natural to use the back-
ground subtraction method. Thus in what follows we will subtract the contribution of the
pure gravity counterterm, which means that the counterterm should be

=g [ 4 VROV @) - @2/, (4.55)

For the D = 4 R-charged black hole, we have (noting the AdS scale [ in the function f
of ({.39) is different from the standard one by a factor “1/2”, so in the following calculation
we have to change [ in ([.55) to be 1/2)

1 -
T Y X, Xi= e300 (4.56)
:

Thus, the counterterm for this four dimensional R-charged black hole becomes

L5 = o G4l / drd*zVh (ZX —4) (4.57)

"'We would like thank Kostas Skenderis for useful comments on this point.

— 21 —



It is easy to find that the integrand in the above equation has the following expansion

1 1 1
7\/% <Z Xz - 4) = 4_l2(3A2 - 8B)TU’U - WSQ(Q17QQ7q37Q4) Tt (458)

where there are non-linear charge terms like the one in ({.50), which is denoted by

s2(q1, 42, 03,41) = 5(a + a5 + S + ¢) — 9(aid3 + did} + did]
+a201 + 4205 + 4243 + 434t + 4305 + G343 + 4idd
+4i63 + diad) +22(¢1 4303 + dia3al + dlaial + daafad).  (4.59)
Note that the first term in ({.5§) precisely cancels the divergence term in the action dif-
ference (.5(), while the second term in (f.5§) exactly remove the non-linear charge terms
by following relation

1
1651 +4C = —zs2., (4.60)

so after considering this counterterm, we finally get the Euclidean action difference between
the black hole and pure AdS background

V(©)s

Al = —
167Gy

<0, (4.61)

which means that there is no phase transition in this case, and the black hole solution
dominates and the dual field theory is in the deconfinement phase.

Now we turn to the case with an IR cutoff ;. In this case the contributions from
the Gibbons-Hawking surface term and the counterterm which are calculated on the UV
boundary are not affected, and the bulk part changes to

2
M q; 8 3 3
E + 5 (Tuw = Thax
<Tuv ql Tmax qg) l2( uv ma. )

6

4
+l_2A(T’3U - T12nax) + Z_QB(TUU - TmaX)] ) (4.62)

bl
bulk — 167TG4

where we have introduced ry,x = max[rg, r7r]. The action of the background becomes

V(@)p

Ibulk 167TG412( 7” 87"?1%)- (4.63)

Considering the contributions from the Gibbons-Hawking surface terms and counterterms,
we obtain the total action difference

4 4
V(Z)8 8 4 @’ 1 Z a4
AI — _ - ~ 7 _ - 72
3 3 6 6 4 4
—i—l—zrg’ l—zrf’nax + l—zArg 2 fnax + l—zBTO - l—zBTmax>- (4.64)
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When rg < rrg, one should have ry,x = rrr, and

V(z)pB 8 u 2 b
Al = = =
167TG4< +l2 iRty Z<To+ql> 2Z<TIR+QZ>

838
TR

TIR+ A 2 _ AT%R—F

4
l l —QBTQ - Z—QBT‘[R>. (465)

l

On the other hand, when ry > 7g, we obtain ry. = r9. Considering ([.49), we have a
simple expression for the action difference

V(Z 8

This is just the one we want. When r;p — 0, the action reduces to the case without an IR
cutoff.

4.2.2 Phase transition with an IR cutoff

Next we analyze the phase structure for the case with rg > ryg. From equation ({.49) we
find that

= ;42TOHl(To)H2(TO)HB(TO)HZL(TO)

approaches to l%rg’ when 7 is large enough. Thus as argued in the five dimensional case,
for any values of ¢;’s, there always exists a value of 7y which is denoted by ro.(g;) such that
12 78 > pif 7o > 70.(q;). This 79.(g;) always exists due to the properties of p. Therefore,
we can always find an IR cutoff 7o.(¢;) < rrr < 19 which satisfies QTIR uw > 0. The
latter indicates a confinement phase. This means the confinement phase always exists in
the (79, ¢;)-space once an appropriate IR cutoff is given.

On the other hand, when p > l%r‘r}’R, the action difference turns to be negative. In this
case, the black hole solution dominates and the dual field theory is in the deconfinement
phase. Therefore when u crosses l%r‘} r» the Hawking-Page (deconfinement) phase transition
happens.

Figure 7, 9, 11 and 13 plot the ry — ¢ phase diagrams for the case ¢1 = ¢,q2 = g3 =
u=0,1=@=0¢=u=0,g=@=@p=¢qu=0adqa=q¢=qg=qu=q
respectively. The five solid curves correspond to the phase transition curves, and each curve
has a fixed IR cutoff r;gr. With the colors changing from black to red, the values of rip
increase from 0.2 to 1.0 with a step 0.2. The dashed curves stand for o = 0.2, 0.4, 0.6, 0.8,
and 1.0, respectively. The blue curves represent the requirement of ro > r;g. In these

figures, the red curves which start from the origin correspond to 2¢°> = 3rg, ¢> = ro,

q*> =19 and ¢? = 1, respectively. The thermodynamics is local stable in the region under
those red curves. These curves are determined by the Hessian of the Euclidean action with
respect to rg and ¢; with 8 and ®; fixed. Since the regions below these blue curves satisfy
the requirement with ro > rrp, therefore those regions are always local thermodynamical
stable.

Figure 8, 10, 12 and 14 plot the T' — ¢ phase diagrams for the case of & = ¢, ®5 =

P33 =P, =0,P1 =Py =0, P3 =P, =0, P =Py =P3 =09, Py =0, and &1 = Py =
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Figure 7: ry — ¢ phase diagram of 4- Figure 8: T — ¢ phase diagram of 4-
dimensional R-charged black hole with ¢; = dimensional R-charged black hole with ¢; =
¢:92 =¢q3 =qs = 0. 492 =¢q3 = qs = 0.
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Figure 9: ry — ¢ phase diagram of 4- Figure 10: T — ¢ phase diagram of 4-
dimensional R-charged black hole with ¢; = dimensional R-charged black hole with ¢; =

G2 =q,q93 = q4 = 0. g2 =q,q3 =q4 = 0.

®3 = &, = ¢, respectively. The green curves correspond to the requirement ryp < rp.
With the color changing from black to blue, the values of r;r increase from 0.2 to 1.0 with
a step 0.2. Again, we only plot the region satisfying the requirement ryp < 70.

4.3 R-charged AdS7 black holes

The R-charged AdS7 black holes have at most two charges parameterized by ¢; and ¢s.
The solution can be written out by dimensional reduction from 11 dimensional rotating
black M5 branes under decoupling limit [29]

ds? = —(MyHa) ™5 fdt® + (HiHa)s (f1dr? + r2di®)

X; = Hfl(H1H2)%7
2

r 12
f = @Hle - ﬁa
i (1 — Hi_l)
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Figure 11:

dimensional R-charged black hole with ¢;
2 =q3=¢,q=0.

Figure 13:

dimensional R-charged black hole with ¢;
G2 =G3 =G94 =g

The effective action in 7 dimensions is

J=—

where

with

167TG7
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Figure 12: T — ¢ phase diagram of 4-
dimensional R-charged black hole with ¢; =

G2 =q3 =¢q,q4 = 0.
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For convenience we also define A = ¢? + ¢2 and B = ¢3q3.
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Figure 14: T — ¢ phase diagram of 4-
dimensional R-charged black hole with ¢; =

q2 = Qg3 = q4 = ¢.
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4.3.1 Euclidean action of AdS7 R-charged black holes

Now we come to the calculation of the difference of Euclidean actions of the R-charged black
holes and the pure thermal AdS; background spacetime. After Euclidean continuation, this
solution becomes

ds? = (HyHa) ™8 fdr® + (HyHa)5 (F1dr? + r2da?) (4.72)
i /E=HT
A = —4 17 . (4.73)

And the Euclidean action

2
1 7 1o V1 —2/ 2

To avoid the conical singularity in the Euclidean sector of the black hole solution, the

coordinate 7 should get a period

b= im : (4.75)

((H) 250 ) L=,

where 7y corresponds to the horizon, and is the largest real root of f(r) =0, i.e.,

6
"o

- @Hl (’I“())HQ (’1“0). (4.76)

7

0 is the inverse Hawking temperature of the black hole. The on-shell actions for the black
hole and the pure AdS background

V(Z)4°135 | 4 11 3
Ky = “16nGr 3Z4Q%qg 22 + 2—052((1% +q3)(ro, —10)
uv 0
1,6 o, 2% q; a
— — — — , (477
il )+ g ;1:2 1622 + 71, 162 +3) |0 4T
and @) 53
V(x)4°1 1
Iy = T16nGr <6—47“2v> ) (4.78)

respectively. From equation ({.13), the Euclidean time period of the AdS space is fixed by

A12(HiHo)5 f

g =3 e (4.79)

Tuv
Furthermore, by explicit calculations one can show that the Gibbons-Hawking surface term
and the counterterm discussed in previous section both have no contribution to this action
difference. As a result the total action difference is
V(£)45158 < i >

Al = —
167G, \32

(4.80)
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This is always negative, so there is no Hawking-Page phase transition in this case.
When an IR cutoff is introduced, the on-shell action of the black hole becomes

V(@A [4, 5 5 1 1 ) )
Iy = ———— |zl R Y
b 167mGy 5 %2 T12w r2nax 20 (ql + q2)( rmax)

_i_i(?ﬁ .6 )+215U3 Z ( %2 . C.Ii2 ) (4.81)
64> Tmedt st T A 1622 rd,  1612¢7 41y ) |

where ryax = max[rg, rrg|, while for the AdS background, one has

V(245138 [ 1
Iy = 7(16)716‘7 (6—4(7"2U - T?R)) . (4.82)

Thus the action difference is

V(@)4BB | w1 L 6 5
AT = LR EP VR D __l Ar
160G, | 32 TG4 IR g max "max
4BI* 2%
483
e Zr;aax+q216z2] (453)

If ro < rrR, one has rn.x = 7R, and

573 2 g2 Bl
167TG7 32 20 57°IR rIR —|— q 1612
When rg > rygr, we should have ry.« = rg, and the action difference becomes
V@LE (1 pl
Al = ——F— — - — . 4.85
167Gy 64 "IR T 39 (4.85)

This action difference will reduce to the case without IR cutoff ([.80) if the cutoff parameter
rrr vanishes. It should be noted here, for this R-charged black hole, it is easy to find the
counterterm ({.55) does not give any contribution to the Euclidean action. This is different
from the cases in 4 and 5 dimensions.

4.3.2 Phase transition with an IR cutoff

We consider the case 1o > rrr. Because ul? = r$H1(ro)Ha(ro)/4 approaches r/4 when rg
goes to infinity, 1 27“0 wul? > 0 can be easily satisfied for some ¢ big enough. Thus as argued
in five dimensional case, for any values of ¢;’s, there always exists a value of rg which is
denoted by ro.(g;) such that %rg —ul? > 0if g > 70c(q;). Therefore, we can always find an
IR cutoff 7o.(¢q;) < rrr < ro which satisfies %r? R~ ul? > 0. This means that introducing a
proper IR cutoff can lead to a confinement phase. The deconfinement transition happens
when the action difference ([.85) changes its sign.

In figure 15 and 17 we plot the rg — ¢ phase diagrams for the case of g1 = ¢,q2 = 0
and g1 = g2 = ¢, respectively. The five solid curves correspond to the phase transition
curves, and each curve has a fixed IR cutoff r;g. With the color changing from black to
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Figure 15: 7y — g phase diagram of 7- Figure 16: T — ¢ phase diagram of 7-
dimensional R-charged black hole with ¢; = dimensional R-charged black hole with ¢; =
4,42 = 0. ¢,q2 = 0.
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Figure 17: 7y — g phase diagram of 7- Figure 18: T — ¢ phase diagram of 7-
dimensional R-charged black hole with ¢; = dimensional R-charged black hole with ¢; =

q2 = q. g2 = q.

red, the values of r;r increase from 0.2 to 1.0 with a step 0.2. The dash curves represent
ro = 0.2, 0.4, 0.6, 0.8 and 1.0, respectively. The blue curves stand for the requirement of
ro > r7gr. In these figures, the red curves starting from the origin correspond to ¢ = 37“8‘
and ¢ = 7“61, respectively. They are local thermodynamic stability curves, determined by
the Hessian of the Euclidean action with respect to rg and ¢; with 8 and ®; fixed. Thus
only the regions below these blue curves satisfy the condition rg > ryg. As a result, The

thermodynamics is always local stable in those regions.

Figures 16 and 18 give the T' — ¢ phase diagrams for the case of ®; = ¢, ®o = 0 and
®; = &y = ¢, respectively. The green curves correspond to the requirement ryp < rg.
With the colors changing from black to blue, the value of r;p increases from 0.2 to 1.0 with
a step 0.2. Again we only give the regions where the deconfinement transitions happen.
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5. Conclusion

In this paper we have studied in grand canonical ensemble the Hawking-Page phase transi-
tion associated with decoupling limits of black Dp-branes (0 < p < 4) and R-charged AdSs,
AdS4 and AdS7 black holes coming from spherical reduction of rotating black D3-, M2-
and Mb5-branes respectively. The Hawking-Page phase transition can be identified with the
confinement-deconfinement phase transition of dual SYM theories at finite temperature.

For the case of the near horizon geometries of black Dp-branes, there does not exist any
phase transition for the dual SYM theories in non-compact spacetime S' x RP, although
when p # 3, the dual theories are not conformal. The Euclidean action difference between
the near horizon geometries of black Dp-branes and BPS Dp-branes are always negative,
which means that the dual field theories are always in the deconfinement phase. When we
introduce an IR cutoff, as the case of hard-wall AdS/QCD model, a confinement phase can
be realized. And then the deconfinement transition for the dual SYM theories occurs at
some critical temperature which is determined by the IR cutoff.

The Hawking-Page phase transition also does not appear for the R-charged AdSs,
AdSy4, and AdS7 black holes with Ricci flat horizon. These black holes are dual to some
R-charged supersymmetric field theories on the AdS boundary. When we introduce a
proper IR cutoff, once again, we can realize the deconfinement phase transitions for those
field theories. We have analyzed in some detail the phase diagrams associated with those
R-charged black holes.
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